ON A GEOMETRIC PROOF OF SELBERG’S LEMMA

o o bmoboobooggd

O00o00O0o0oooon Selberg0 000 Fuchs DODODOOODOOOOOOO
gobogbbooboodggd

Theorem 1 (Selberg0 00 [14]). KOOO o0OO0OO0OO0OGL(n,K)OODO
000000 torsion-free0 000000000000

0000000000000 00 200000000000 00O00O0O0O0
O000SL(,KUOODO K=ROOO COOOODODOOOO0OOOOOOOOO
00 000000000000000 torsionfree0 0000000000000
00000000000 0O00000o00O0000O00o0o0ooO0oo0ooooboon
0000000000000 0b0O0o000oO00o0o0oO0o0o0ob0OoO0OoOooon
0000000000000 000oO000o0ooOooboo0o0oboOooooooooboaoon
O000000O0OKlemOOOOOOUOOOUOOUOOoOOOOooooooooo
O00 Fuechs UOOOOO0OO0OOO0O0O0OM FuchsOO O OO torsion 00O OO O
OOOrepresent 0000000000 0O0O0OOOOOODOOOO

0000000000000 0000 well-kknownOOOOOOOOODOOO
0o (9], [13], [8], [5], [6], [10]00 00000 OOOOO

o0 HODO0D0ODODOD00bO0O00bO0O0OkFchsDOODOOODOO
OHO/OUODO X =X,0000 orbifolldU000OD00O0O0OODODOOOO0OO
0000000 H//O0000000000D00D0O0O0O000O R=RxODODO
000000000 2ze€e ROOOO pla) =2000 e HOOO 07000
gogdbboooobbouoboobboobbboobbobbboobuooooon
Ix(x)J000000 x0000000000000000O0Ix(zx)>1000
x0 XO0DOOhoooooboooobooouo o RUODUDUOODUOUOUOUOQoo IO
[>100000000000000000000 X = (R1)0 (hyperbolic)
orbifold00 000 XOOODOOODDODODOODDOUOO RIOUOOOO Ry, IxO
guooooon

orbifold X,YOOOO p:Y — XO0O00O0O00 p: Ry — RyOOD
00000000y € RyOOOO B,(y)0 p0 yOOODDODOOOOOD
Iv(p(y)) = Iy(y) - B,(y) 0000 y € RyOOOD0OO0OD0000O0O000
YOOOOOOOOOODODODODOoODooooOoOO pO orbifold XOOODODOO
ggo

00 X=X00p:H—->XO0OOOOOODO p*(pyx) =|dz|/2Imz 0000

O00000o0obobboOobD X0 PoincarDO0OOO0ODOOO0ODODOOOODOO
b XOoooooobbooobbooooroco2b00bboooboobooboot



gooon

(1) Area(X) =7 (29 240+ Y (1 - [Xl(x)>>

TERX

Jo0o0oooooon g0 RxOUOUOOO n RyO puncture 0 000 OO0
0000000000000 000000000 orbifold X = (R, )0 OO0
d0dooooooooooooooooooooooon ROOODOOOOO
00000000 ()Ooo0o0o0oooboooooOoooooooo
0000 Fuchs OO0 000 (g;v4,- -+ ,v;n;m) 0 IO signature 0 00 00 O
O g,n,mU00000 Ry, 000 Opunctured OO OholeO OO0 Owy, -+, v
O0I(z)>1000000 200000 I(x)0000000000O00O00O0O0O0OO

Fuchs O 7000000000000

a(I') =min{[I": Ip); [, < I': torsion free}
B(I') =min{[I" : IH); Iy < I': torsion free}

U000 min0 coODDOOOOOOO
000000000000 0000OO0Oon

Theorem 2 (Edmonds-Ewing-Kulkarni [5]). I'0 (g;v1, -+, v n;m) 0 signature
O00 Fuchs DO DOOO0ODO NOODOOT'D torsion free0 000000 NO
000o0o0obooooobobooboo NO22vyOOOOOoooboooooooo
O0«(lN)=2000000000v =LCM(vy,---,v) 000 n+m =00
0,00000v/y000000000 ;000000000000 10000
goobogboooonnbd

000000000 ooog)obooo0ooooooooooooooooo
oobooooboboooobooobobobbooHFOOGOOOODOnO0O00DOO
0000 HODODDOOOO GUOOO0O H =NgeggHg 'O [G:Hi|<n
O0000000000000000000000000B(IN < (2vp0O0O00
00000000000 00000000000000000o0gR(INHoUo-
oM ODO00000000000000ODOOO0OO

OO00po0o0o00oooobOobobobOU0obOobO0obDooobobobobDOon
00000000 0oooocmo0o0o00ooo0oooooooooooo
gbobogbbodobboobboobboboobooboboobboobb
goooggd

gbboodboubbuougoboboobogbooobobuagbuaao
guodbodbbdoooggouoboubboobobuobbboooouoboobn
ggg

Theorem 3. I'D 000 FuchsOOODODOODODO orbifoldd XOOOORxODO
00 ¢gO00 puncture000 holeDDODO00 sOO0O00000O Ix(z) D00 10
oo bbdooboboibibdnm,w,---ddbbooobbobod
O000k00000000000D0O000v=LCM(1,,---)00000000
gobgobooboo



1. 000000 vy, v, e, 1e,--- 000000000000 torsion free 100
ooonor/n=z,0000000000000000008(IN =vd
goodo

2.g>0000¢=000 RxOOOOOOOOOOB(I) <202,

3. RxUODOUOOOODODOoODOoooooooooooOoO kE<occOOoononog
torsion frre000000NO T/ V=2, -2, 0000000000
ooO0p(N) <wn---y000000

4. RxO0OOOOOOOOOOOOpO 2200000000000000 O(Zy,)*
O000p mod2o0000 ¢t000O ¢=p'00000000 torsion freel]
ooooonor/noPpSL(2,F,) 000000000000 OODODOO
00000000 <#PSL(2,F,)=q(¢*—1)/2000000

00000000000000000000000000000000000
000000000000000000000000000000000000
0000000000000000000000 (18], [3], [12], [7), [1], 400 O
0000000

REFERENCES

[1] ALBAR, M. A. and AL-HAMDAN, W. M. The triangle groups, Rend. Sem. Mat. Univ.
Padova, 89 (1993), 103-111.
[2] ALPERIN, R. C. An elementary account of Selberg’s lemma, Enseig. Math., 33 (1987),
269-273.
[3] BROUGHTON, S. A. Simple group actions on hyperbolic Riemann surfaces of least area,
Pacific J. Math., 158 (1993), 23-48.
[4] EDIVET, M. On certain quotients of the triangle groups, J. Algebra, 169 (1994), 367-391.
[5] EbpmonDs, A. L., EwiNg, J. H. and KULKARNI, R. S. Torsion free subgroups of Fuchsian
groups and tessellations of surfaces, Invent. Math., 69 (1982), 331-346.
[6] EDMONDS, A. L., KULKARNI, R. S. and STONG, R. E. Realizability of branched coverings
of surfaces, Trans. Amer. Math. Soc., 282 (1984), 773-790.
[7] EVERITT, B. Alternating quotients of the (3, ¢, ) triangle groups, Comm. Alg., 25 (1997),
1817-1832.
[8] FEUER, R. D. Torsion-free subgroups of triangle groups, Proc. Amer. Math. Soc., 30
(1971), 235-240.
[9] Fox, R. H. On Fenchel’s conjecture about F-groups, Mat. Tidsskrift. B. (1952), 61-65.
[10) D0O00 OO00O0OD0O00O00OO0ODO,00000 (1997).
[11] KULKARNI, R. S. Normal subgroups of Fuchsian groups, Quart. J. Math. Oxzford Ser. (2),
36 (1985), 325-344.
[12] MALLE, G. Hurwitz groups and Gz(q), Canad. Math. Bull., 33 (1990), 349-357.
[13] MENNICKE, J. Eine Bemerkung iiber Fuchssce Gruppen, Invent. Math., 2 (1967), 301-305;
ibid. 6 (1968), 106.
[14] SELBERG, A. On discontinuous groups in higher dimensional symmetric spaces, Contribu-
tion to Function Theory, Tata (1960).
[15] WOLDAR, A. J. On Hurwitz generation and genus actions of sporadic groups, Ill. J. Math.,
33 (1989), 416-437.



