ON THE BOTTOM OF THE SPECTRUM OF A RIEMANN SURFACE
OF INFINITE TOPOLOGICAL TYPE

00 00 0@moOooooDooo
TOSHIYUKI SUGAWA

1. 0O

0000000000000000000000 (bottom)000000000000
0000000000000000000000000000000000000000
000

000000000000 00 OLaplace-BeltramiD 000 000000000000
00000000000000000000000Sullivand 000000000000
000000 [1400000000000000000000000000000000
00000000000000000000000000000000000000 20
0000000000000000000000000000000000000000
0D000000000000000000000000000000000000000
0000000000000000000000000000000000000000
200000000000000000000000000NOO0O0O000000 C(N)
00000 (convex core) 00 Cy(N)DDODOO00O000 C(N)D 1-000000NODO
000000000000000000 ¢(N)000000000000000n > 30
000000000000000000

00 1 (Burger-Canary [3]). »n>30000 000000000 K,>0000000
000000NOOOOOOOOOOOOOO0O0.-0000000000000000
0000 AN)DOOOO0OO0OO0ODO0O00000

K
= e

00000000000000000 2000000000 oooooooooon
O000o0odoobobooooboobobbbooobobooooobboobUobooD 200
O00odbobobooobooogobooooooooboobobboboboobooooog
0000000 thick-thin decomposition O O O OO thick part0 3000000000
gooboobobo2000b0000ob0b0oobooboooboboooooooDoo

0000000000000 000D0 2000000000000 0000OO0OO0
bbb ooobuoobooboboboooob oo oUooUo
Oo00oo0oobooooog

2000000000000 booDoo Db boDoo oo
O0o0ooooobbbobbOoobboboooo bbb oDooobooo



gogtbbooddoooobbooubbbbuooobboobbbobbobobo
gotgoboodgbogooooogbodoooobboooobob20000onobad
0000000000000 bbob0o00oooob0oooDob0o0nU attackO OO
guodboobobobobbuobobbuobobbbobbouoobooooobobonbd
0000000000000 Ferndndez [6)0 0 000 OO O Ferndndez-Rodriguez [7] O
gougooogbogbbooboobooooooobn

00 2(6),[7). POOO0O0O0O0O0O00O000000000O0O000 POOOOOOOO
000000000 ay(n=1,2,...)00000 DO0O0O0O0O0OO0OD =D\ {ayn=
1,2,...}00000000000000

bbb e, 0000000000 200000000000000000000DO
godogbuoooubbboobboog @:(CU{OO}DDDDDDDDD rooog

guooogn @\EDD 200000 AD FODOOODODOOODO @\ADDDDDDD
O0000 FO000D00O0O0 modulus DOODOODODOODOODOOODOOODOOO
O00000O0<e< 1000000000 ee EFUO0 O0<r<diamEDOOO

En{zeCer<l|z—a|<r}#0

ooooobooooobobooboooooooo pobobboboooboooboboo
0000000000000 0000O0000mMOo0oooO0oD 120000000 O™
gobogoobboboobboboobobobggooodboooooboooobobog
ggobudgboodouooooobooobboooboobouobooooooboobobb
D000 ooooooooobobobooOobOd rough isometry 0 D OO0 DOOO
gbobuobboobobbdooobodoobbobbouoobbbooboubobbon
0000000 QD000 000ooooooOo0ooO0O0Do0o0ooooooOoOooon
gooougbooibboboobbbbo
gogguduogobbubboooooboobooobbobbooobooboan
0000000 Gauss-Bonnet 0D OO0 OO0D0OOOO Cheeger DO OO0 OOOODODO
gooboooobobobobogbbobbooooboobbobooobbooooan
guobbdbooobooouoboobobbbobdoob2000b4040bboobbon
goboboboobbobooooobooguouooouooooooobbobboboon
googod
Ooooobooooobb0oob0ob0OobD0obO0bOodDbDbOn eigenvalue spectrum
O length spectrum 0 0000000000000 OO00OODOO0O0O0ODOOOO0O0O0O0O
goobobooobobooboboboobobdbbobobooooouooobobnuooog
eigenvalue spectrumJ 00 0000000 OODO0O0OO0OOOOODOOO0DOODOADO length
spectrum0 00 0000000000000 0O0O0O000DO0OO00O0OO SelbergODOOO
gbobouoboouodbddbspectrumUd 00 000O0O0O0O0O0OO0OOOO0ODOO0OO0
0000000000000 00000000eigenvalue spectrumO0 A(R)ODO0O000O
0000000000000 000000O0O0O000LoOOO00oooOD L(RDOOO
0000000 L(R)OD ROODODODOOOOOO 2000000000000000O R
00000000000000000 L(R)>0000 MR)>00000000DOOO



goggdobboboo20bbgobboobbboubooubogboooubbon
OO0000D0O0000000000 punctured homotopicU D OO ODOOOOOOO
0000000000 LR 00000000000 ROODODODODOOODOODODODOO
gogboboogbodubdgbboogboobbboobbbobobbobuooooooo
O000XMNR)>0000 LYR)>0000000000000000000O0O0O0O0
000000000000 0oo00ooooooooooooooLY(R)>000000
AMR)=000000000000000000400003
gbgouobbooobobuobooogbbobobobbboobobooogbobbooodgd
oooogbooboooooo4bobobboooooobooobooooooon
gbougbooodgbuobuboobobobbbbobbooooooobbobbboo
gobboggogobbooobbbboouonoood

2. 000000

bbb ooboboobobboobuobbRObOObUOOL O
godoogooboRrbOOoobobO @,(C,(C*:C\{O}DDDDDDDDDDDDDDD
O00000000000000 Poincaré-Koebe OO DDOODOOODOOO DODO
goooooooodp :D—- ROODODODOOpOOO0OO0ODOO I'D Fuchs DO OO
0 PSU(1,1) 2 PSL(2,R) 0000000 torsion-free 0 0000000000 O0O0O0O
Gauss 0O —100000000 p8 =4(d2?+dy?)/(1—|2>)? 00000000000
RODOODDODODOD p4000 ROODOUOODOD Poincard 0000 OD0OORO
J0odboooooob «000000b0000 0000000 bobooooogo
DO0O0D00D0O000O0O0O000000000OO00O0 |olg |Ppg000O0O0OOCDOOO
oo oobooboooboooboobuobU0 RUDDUUUODUUDLDODL D
00000000 L(R), (R0 ROODODODODODODOODODOO ROODODODOODOOOO
00000000000000000000000000000 L(R) <LYROOOO
L(R)>00000000000000D000DOOOODDOLYR)>000000000
OO0 Lehner 00000 00N OODOOODOO0O0ODOOODOOO0OODODOOOOO
000000000 100000000000 ooooo0oDbOo00oO00g L(R)>0
gooo0obooobooboooooboobbobooooom oboooooooo
0000000 00% uniformly perfect "0 modulated” 00 OO0 O0D0O0OO0OOOO0O
0000000000000000000000000000LYR)>000000000
0D RODODDODOODODO 2000 ¢o=¢(2)dz20 00000000000 |p|pp20 ROO
0000000000000 00000000 [10)@ Lehner 000000000000
gbo0obOoob0ooooobooooooobooOo

00 OROO Laplace-BeltramiO OO0 —A0 CX(R)DODDODODOOOOOOOOOO
0000000000000000 LA(R)DOD0D0OD00O0D0O0D0O00O0O0O0O0O0O0ODOO
0000000000000 [0,e0)00000000000000O0XNRDODOOOO



0000000000 RayleighDOOOoooooooooO

V|*dvol
AMR) = inf I plVelravol
peC=(R)  [[ p p*dvol
000000000 ROODOOO (critical exponent of convergence) 6(R)0 000 O
000000000 Elstrodt-Patterson-Sullivan0 0 00 00000000 0000 6(R)
O00000000OooooD éé>00000000

3 exp(~5d5(0,7(0).

yer
00000 Y(1-|40))0000000000000000000000000000
00 RO Fuchs D000 I'OOOOOODO (conical limit set) 0 Hausdorff O OO OO0 O
000000000 PDoo00o0o0o0o0ooooood

00 3 (Elstrodt-Patterson-Sullivan [14]).

000000000000 AMR)>000046R)<10000000

0000000 MRODODOODOODO Cheeger 00O OO0OOODOODOOODODOODOODO
OO00D00D00000O0DDODOO000000 Cheeger U0 OO0 O0O00ooooooOoOg
ooboooboooobbobob rRODODOOOODOODOOOOMWDOOODOOO0
guooogooboboodobooouobbuoooooouobooooo

D0 ROODODDOODOODOOODOODLOOUODDOOO JordanDOOOOOOOQOO
gboooubboogdbuoboboboduoooooboboooobobobn

ID|r
h(R) := su ,
(B):= sup 19Dl

goooogbobobobbbboobobbowooboooboboooobo
00 00000000000000000000000 |D|g,|0D|g0000O0 D,0D

0000000000000000000 |D|g= [[, pr(z)?dzdy, |0D|r = [,, pr(2)|dz|
0000

MR ODODDO000000O0O0D000000O0O0OOOO0D00000NO0O0O00N
00000000000000000000000000000000000

00 4 (Cheeger D OO O).

0000000000000 0000D0O0ODO0O0DOOO0O0DO0OD pjoobobooo
0000000000000 000000000000P.Buser 400000 CO0OO



00 MRA(R)<COOOOODOO0OU0OOOODOOODOOOOOOOOOODOOOO
0C<3/20000000 (70000000000
gbobogobuobbobdgbbbodoog

00 5((C0000). ROODODOOOOOOOODODODODOOOOOODOOODODOgOO
puncture OO nUO 00O 0OO0OUODODOOOOOOOOOOOOOO0O0OO0OOOO0OO
gogn

2r max{2g +n — 1,1}
h(R) <2 .
e D)

00000 L*(R)>0000 AR)>0000000

gbobobobbuobuobbobobbdooobbboboboooooobbboooo
gogbboogobobooooooboboon

00 6(0000). ROODODDDOODOODODODODDODOOODO AR)<occODODODOOO
Oooogogon AL,A,...0 ROODODOOODODOODODOOODOOOLOODODOOO
OoboooobobobobooonobOon zy,2e,... 000 oor, HOOODODODOOOOOO
gbooooo

1.0<20 <7< L(R)/200 1< H < o0,
2. dg(zg,z;) > 7 for k # 1,

3. A, C{zr € Rydg(z,z,) < T — 20},

4. h(B, \ A,) < H,

000 dg0 ROOODOOO000000 OB, = B(x,,7) = {2 € Rydp(z,z,) <7000
0000000 R =R\U,4,0 h(R)<KOOOOOOOOOOO KO A(R),0,7,H
0000000000000

00 r<L(R)0O0O B,000000000000000AB,\4, 00000000
000000000 4,000000000000000000800000000000
0000000000000000000000000000000000000000
00 A,0000000 B(zn,e,) 0006, »000000000000000 modulus
0000000000000000000MR)>000 LY(R)=L(R)=000000
000000000000000000

3. 0ggooo

oooooooobob beDp0bO0D0OD0ODO0ODLOODDODOOODODODOOO
gogboguougoobbooboobobobobobbbbobbobbooag
goobboboobbobbobboobbobbbobboobbbuboboboobn
gbuooboobobbboobbobobbobbobboooougbobogdgo
guoodoobouobibdUpunctureJ 00000000 0oooDo0ooooooog
gboboubobdutuodb puncture 1 0D O0O0OOO0O0OODOOOOOOO0OO



DDDDDDDDDDDDDDDDDD%MD rROOODODODODOODODO RODODOO
gbobbuoogogobbbobbbbuoooobbbboobobbbooob

Dl

hgeod(R): sup |3D|R'

DeD&e!

gooboooooaoo

OO0 7(7). 000000000000 0O0OO0OOOOOOOODO ROOODODODOOO
goooo

heod(R) < h(R) < h&4(R) + 2.

D00000000000000000 DeD0000 |D|< (he(R)+2)|0D| 0
000000000000000000000000DPO00000000000000d
00000000000 puncture 0000000000 ROOOOOO D,0000 Dy

gogouoggoon D%eOdDDDDDDDDDDDDDDD D,0D0oooooogod

gbooogboobooo20dbgubuogooboboboobbbooobooooon
gbouobubbboouuoobobbooobbobobbboooooooobbb

00 8. 00000OD 200000 RO AR)=100000

000 7000000000000 00000000000000000O000oO0
0000000000 13)]000ooog

000000000000 A4(R)000000000000000000000000
000000 L*(R)>000000000D € DE¥“000 Opunctured 00000000
000000000 ¢,»,m0000000000000¢<g,n<n0000DOOO

gogobobboddao DSChottkydoubleDDDDDDDDDDDDDDDDDDDD
00 G=2¢+m—1,puncture 0 000 N =2'0000000000000000000

00000000000000000000 |D|=2r2G+N—-2) =472 +m+n'—2)
0oooooon

Dl = |D|/2 = 2m(2¢' +n' +m = 2) < 21(2g + n +m — 2)

0000000000 pO0OOOOOOOCOOD LR OODOODOODOOO |0D|g >
mL*(R)DO0O0O0QR2g+n+m—2)/m=1+(2¢9g+n—-2)/m <max{2¢+n—1,1}000
ggbdbbooobobboouboooaon

|D|r < 2mmmax{2g+n — 1,1} < 27|0D|g max{2g +n — 1,1} /L*(R).

0000 re*d(R) < 2rmax{2¢+n—1,1}/L*(R)00000007000000000
oooo

gbobuboououboooboboogbaoooon



00 9. ROOODOOOOOOO SO0O000O0000000S00000 X0O000
§ = dp(X,0S) = inf{dg(z,s);z € X,s € 0S} 00000000 SO00000 X0OO
1< ps/pr <cothd 00000

Proof. r = tanhd 0000000 20 XO0OOOOOOOp:D—» ROODOOOOODO
0p(0)=20000000000000000D, ={z| <r}=/{zecDdp(0,z) <4}
0S=/"Y(S)000000000 Schwarz-Pick 000000

1 < ps(wo)/pr(x0) = pg(0)/pal0) = ps(0) < pa,(0) =1/r = cothy,
0000 O

00000000000000000000000000000000000 D € DE™
D0000000|D|D |0D|, 00000000000O000O0DOO0O B, ={z¢
Rydp(z,x,) <T—0},N={n;DNB, #0}0 000000 |D|g =|DNR"|p+3., DN
B |z 0000000000000 OO0OODO R"=R\U,B000D00000DOOOO
dr(R",0R") > o 00 dp (B \ A,,0B,) > dr(B.\ A,,0B,) >c0000000000
ooo90ooooooooog

IDN R"|g < coth?’o - |DNR"|g < h(R)coth’o - |0(DNR")|g

< h(R)coth*o - |0(D N R")|p
= h(R) coth®’ o <|8D NR"|r + Z |DN 8B;|R,> ,

N

|DN By |w < [DNO B4, < (Bu\ A)[0(D N By) 04,
< Hcotho(|0DN By |g + |D N OB | ).

0000000000000 n0000 [8DN Bylw > 2dp(B,,0B,) > 20 00000
gooooo
|DN OB |r < |0B)|r < cotho|0B)|gr = cotho - 27 sinh(27 — 20)

< o~ coth osinh(27 — 20)|0D N B, | g,
gobdogobooooooooobobbooon
|D|r < h(R)coth? 0|dD N R"|p + Hcotho Y |0D N Byl

+ (h(R) coth® o + H coth o) - 0" coth o sinh(27 — 20)|0D N B, | g
< (h(R) coth® o + H coth o)(1 + 7o' coth o sinh(27 — 20))|0D| .

goboobobbuooobogoroooboog
h(R') < h&°Y(R') + 2
< (h(R) coth® 0 + H coth o) (1 + o~ ! coth o sinh(27 — 20)) + 2



gooooboob KOoooooood

4. Joooooooo

gbgoboobuobodobbobooouobbobobbobobobbobbonoon
00000 L(R)>00000000000 MR)>0000000D0O0O0ODDODODOODO
gogboobdgobooogoooooobbobooobbuooooooogoon

goood f:R—)RDDDDDDDDDDDDDDDDDDDDDDDDDDDD

ooooooooooono fOoOobOobDbOOo0Oooooon ROODODOODOO o000

~

0 Jalsy=|f(a)000000000000000000 L(R) > L(R)OOOO

00000 length spectrum 0 00 00000000000000000000000
eigenvalue spectrum 0 0000 0000000000000000000000000
0000000000

00 10 (Brooks [2]). ROOO ¢>100000000000000 f:kR—ROOO

~

O000000D000 GaleisOOOD0000000 MR =0000000000000
0 /000000 G={yeAut(R);foy=f}2m(R,*)/m(R,*)0 amenabled O O
0Dooooo

00000 amebability 0 D000 0000000000000000 Brooksd OO
0000000000000000000000000 CayleyD0OOOOO0OOO0OOO
0000000000000000 amenable0000000000000000000
0 amenable 00 D000 000000000000 00 amenable0 00000000
000000000000000000000000000 Galois000000000
0RODOOOOO AR =0000000000000 L(R)>0000000000
0000000000000000000000000

00 Brooks 0000 00000000000000000000000000000
00000000000 000O0ROOOOOOOOOO f:R—» RODOOOOO

~

Galos0O0OO0O0DO0O0O00 amenable 000 AR) =0000000000000000
D000000000D000000000 R=C\ZO zO0OOOOO0OO0O0OO0O0000O
R— (C\Z)/Z=C\{0,1}00000 AC\Z)=00000000000 L*(C\Z) >0
000000000000000000000000 0000000 LYR)>00000
00 AMR)>000000000000000000000
000000000000000 AR) >0000000000000000000

O0000000000bobo0oooooo0d BrooksD OOODOODODOOOOOODDO
ODRODOOO 2 0000000000000 metrichalD0O0O0O0D0ODO B, :={z¢€

R;dp(z,m) <r}0000000000

— 1
p(R) == lim —logvol(B,)

r—oo T



gobobobooobooobooob0 ROODDODODDODODOOODODDbODODDDOOO
p(D =2000000000000000 ROODODOOD wR)<20000000
guobdgguggouoboboboogg

00 11 (Brooks [1]).

1
D h(R).

000000 wR)=0000 AR)=00000

Proof. v(r) = vol(B,) = |B,|g 0000 ¢'(r) = |0B,|p 000000000 o(r)/v(r) >
1/MR)DDO0D0000000000000 logu(r)/u(ry) > r/A(R) (r > 1) 000 O
0000 u(R)>1/h(R)0O0DD O

REFERENCES

[1] BrROOKS, R. A relation between growth and the spectrum of the Laplacian, Math. Z., 178 (1981),
501-508.
[2] BROOKS, R. The bottom of the spectrum of a Riemannian covering, J. Rine Angew. Math., 357

(1985), 101-114.
[3] BURGER, M. and CANARY, R. D. A lower bound on Ay for geometrically finite hyperbolic n-
manifolds, J. reine angew. Math., 454 (1994), 37-57.

4] BUSER, P. A note on the isoperimetric constant, Ann. Sci. Ecole Norm. Sup., 15 (1982), 213-230.
5] CHAVEL, 1. Eigenvalues in Riemannian Geometry, Academic Press, New York (1984).
6] FERNANDEZ, J. L. Domains with strong barrier, Rev. Mat. Iberoamericana, 5 (1989), 47-65.
7] FERNANDEZ, J. L. and RoDRiGUEZ, J. M. The exponent of convergence of Riemann surfaces. Bass
Riemann surfaces, Ann. Acad. Sci. Fenn. Ser. A I Math., 15 (1990), 165-183.
[8] KANAI, M. Rough isometries, and combinatorial approximations of geometries of noncompact Rie-
mannian manifolds, J. Math. Soc. Japan, 37 (1985), 391-413.
[9] NicHOLLS, P. J. The Ergodic Theory of Discrete Groups, Cambridge University Press, Cambridge
(1989).
[10] NIEBUR, D. and SHEINGORN, M. Characterization of Fuchsian groups whose integrable forms are
bounded, Ann. of Math., 106 (1977), 239-258.
[11] ROE, J. An index theorem on open manifolds. I, J. Diff. Geom., 27 (1988), 87-113.
[12] Sucawa, T. Various domain constants related to uniform perfectness, to appear in Complex Vari-
ables.
[13] Sucawa, T. On the bottom of spectra of open Riemann surfaces, In preparation (1997).
[14] SuLLivAaN, D. Related aspects of positivity in Riemannian geometry, J. Diff. Geom., 25 (1987),
327-351.

[
[
[
[



