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Abstract. In this talk, we will remove an additional assumption made for Ahlfors'
univalence criterion. This leads to an estimate of the inner radius of univalence for an
arbitrary quasidisk in terms of a quasiconformal re
ection.

Summary

Let D be a domain in the Riemann sphere bC with the hyperbolic metric �D(z)jdzj
of constant negative curvature �4: For a holomorphic function ' on D; we de�ne the
hyperbolic sup-norm of ' by

k'kD = sup
z2D

�D(z)
�2j'(z)j:

We denote by B2(D) the complex Banach space consisting of all holomorphic functions of
�nite hyperbolic sup-norm. As is well known, the Schwarzian derivative Sf = (f 00=f 0)0 �
(f 00=f 0)2=2 of a univalent function on D satis�es kSfkD � 12 (see [3]). This result is
classical for the unit disk D = fz 2 C ; jzj < 1g; actually, a better estimate kSfkD � 6
holds. On the other hand, Nehari's theorem asserts that if a locally univalent function f
on D satis�es kSfkD � 2; then f is necessarily univalent. Hille's example [7] shows that
the number 2 is best possible. We now de�ne the quantity �(D); which is called the inner
radius of univalence of D; as the in�mum of the norm kSfkD of those locally univalent
meromorphic function f on D which are not globally univalent. In other words, �(D) is
the possible largest value � � 0 with the property that the condition kSfkD � � implies
univalence of f in D: In the case D = D ; we already know �(D ) = 2: For a comprehensive
exposition of these notions and some background, we refer the reader to the book [9] of
O. Lehto.
Ahlfors [1] showed that every quasidisk has positive inner radius of univalence. Con-

versely, Gehring [6] proved that if a simply connected domain has positive inner radius of
univalence then it must be a quasidisk. Later, Lehto [8] pointed out the inner radius of
univalence of a quasidisk can be estimated by the Ahlfors method as

�(D) � 2 inf
z2D0

j�@�(z)j � j@�(z)j

j�(z)� zj2�D(z)2
;(1)

where � is a quasiconformal re
ection in @D which is continuously di�erentiable o� @D
and D0 = D n f1; �(1)g: However, in order to obtain the estimate (1) rigorously, a kind
of approximation procedure must work, so an additional assumption was needed. For
example, Lehto [9, Lemma III.5.1] assumed the quasidisk D to be exhausted by domains
of the form frz; z 2 Dg for 0 < r < 1: More recently, Betker [5] gave a similar result
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for general quasidisks under the assumption that the quasiconformal re
ection � is of a
special form associated with the L�owner chains.
Remark that if we content ourselves with an estimate of the form �(D) � C(K) for a

K-quasidisk D; where C(K) is a positive constant depending only on K; the original idea
of Ahlfors [1] is suÆcient (see also [2, Chapter VI] and [9, Theorem II.4.1]).
Our main result is to show (1) without any additional assumption, which might be

known as a kind of folklore.

Theorem 1. Let D be a quasidisk with a quasiconformal re
ection � in @D which is

continuously di�erentiable o� @D: Then the inequality (1) holds for D:

We shall show this theorem by usual normal family argument and in the course of proof
we make essential use of the following result due to Bers [4, Lemma 1].

Proposition 2. Let D be a Jordan domain in bC : For any ' 2 B2(D) there exists a

sequence ('j)j of holomorphic functions in D such that k'jkD � k'kD and 'j tends to

' uniformly on each compact subset of D as j !1:

By this result, we have only to handle a ' 2 B2(D) holomorphic in D: But some
diÆculty still remains, which can be overcome by a topological argument involving linear
connectedness of quasidisks and a Painlev�e type theorem for quasiregular mappings. We
shall give the details a little bit more in the talk.
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