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§1. Introduction. Suppose that D is a simply connected domain of hyperbolic

type in the Riemann sphere C=Cu {oo}. Then the Poincaré metric pp in D is
defined by o0
g'(z
= e 5P
where g is any conformal mapping of D onto the unit disk A = {z : |z| < 1}. B2(D)
will denote the Banach space consisting of all holomorphic functions ¢ in D such
that the norm

lellp = sup |(2)|pp(z) 7
zeD

is finite.
If f is a locally univalent meromorphic function, the Schwarzian derivative of f

is given by
B f” / 1 f// 2
s=(7) -3 ()

S = {85y : f is conformal in A},
J={S; €S : f(A)is a Jordan domain },
T ={S;eS : f(A)is a quasidisk }.

T is called the universal Teichmiiller space. It is known that 7' C J C S C B2(A), T
is open, S is closed and T = IntS (see [7], [9]). Let I' be a Fuchsian group acting
on A and By(A, I') denote the closed subspace of By(A) :

{peBy(A):(poy)-(v) =¢ forall yeTl}

Further we set S(I') = SN Bo(A, '), J(I') = JN By(A, '), T(I") = T N Bo(A, ).
Then T(I") coincides with the Bers embedding of the Teichmiiller space of I" (see
3)).

Bers conjectured that S = Ti.e., (1) = T(1) in [2]. Generalizing this conjecture,
by the Bers conjecture for I' we shall mean that S(I") = T(I").

In [8], Gehring showed that the Bers conjecture is false i.e., S\ T # ¢, in fact
essentially he showed that S\ J # ¢. Moreover Flinn proved that J \ T # ¢ in [6]
(see the next section for the details). Our main purpose in this paper is to show
the following

We set after Flinn [6]
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Theorem 1. Suppose that I' is a Fuchsian group of the second kind. Then S(I")\
J# ¢ and J(D)\T # ¢.

Corollary. When I' is of the second kind, the Bers conjecture for I' is false. In

other words, S(I") 2 T(T).

On the other hand, the author does not know whether the Bers conjecture for
Fuchsian groups of the first kind is true or not.

This paper is organized as follows. In §2 we introduce simply connected domains
which are constructed by Gehring and Flinn and quote two results from Flinn [6]
for later use. Gehring’s (or Flinn’s) domain is essentially obtained by removing
a spiral (respectively, countable sequence of closed Jordan regions approximating
a spiral) from a disk so that the boundary of the domain is adequately irregular.
For a given Fuchsian group I' of the second kind, in §3 we construct a I'-invariant
simply connected domain A’ in A which contains the Gehring’s or Flinn’s domain
adjacent to a free side of the Dirichlet fundamental region of I'. Let F' : A — A’
be a Riemann mapping function of A’, then Sp € S(G) where G = F~'I'F is a
Fuchsian group. While it turns out later that Sr ¢ J (respectively, Sp ¢ T') and
that G is qc(=quasiconformally) equivalent to I (Lemma 4, Corollary), these facts
need not imply that S(I') \ J # ¢ (respectively, J(I') \ T # #). Now we consider
to deform A’ by an appropriate qc mapping so that the Schwarzian derivative as
above belongs to S(I"). In §4, such a deformation is presented and we state a slightly
general result (Theorem 2) which contains Theorem 1. §5 is devoted to the proof
of Theorem 2.

§2. Gehring’s and Flinn’s construction. Fix a € (0,3-) and set a closed
Jordan arc

Yo = {xiel=4F) 1 € [0,00)} U {0}.

Theorem A (Gehring [8]). Let F: A — C \ Ve be a Riemann mapping function
of C\ Ya, then Sp € S\ J.

We set
A={z+wy:y>1}U{z+iy: 2> -4,y > -1}

and D; = A\ ,. As we shall find later, the following theorem also holds.

Theorem A’. Let F': A — D; be a Riemann mapping function of Dy, then
Sp €S \ J.

o, . —_92
For each positive integer m € N, we set o,,, = (%)m, T =€ """ E,., = R,,UP,,
where

Pm = {eioz 12€ Ya, —Om <o< U’m} ) {Z : |Z| < T’rn}7
R, ={x+iy:|z| <sino,,—-1 <y < —coso,}\ A.

o.@)

Then each E,, is a closed Jordan region, £y D Fs D --- and ﬂ,‘mzl E.,, = 4. Let
V denote the translation V(z) = z + 8 and set Dy = A\ | _, V™(FE,,). One can

m=1
easily see that D, is a Jordan domain in C. The next theorem is essentially due to
Flinn.



Theorem B (Flinn [6, Theorem 2]). Let F' : A — D, be a Riemann mapping
function of Dy, then Sp € J\ T.

Theorems A’ and B are direct conclusions of the following Lemmas 1 and 2,
respectively. Let oy = {z = e{=2t9* 1 ¢ € (0,00)},a3 = {2 : —2 € a;}. Then a;
and as are logarithmic spirals in Dy which converge onto the point 0 from opposite
sides of 7,.

Lemma 1 (cf. Flinn [6, Lemma 2]|). There exists a constant 6 > 0 with the
following property. If f is conformal in Dy with ||S¢||p, < 61, then

lim f(z)= lim f(2).

@1 Dz—0 a2 Dz—0

In particular, f(D1) is not a Jordan domain.

Let 8 be the subarc {z + iy € 9D, : —4 < x < oo} of D;. We note that if
f: Ri — Ry is a conformal mapping of a Jordan domain R; onto another Jordan
domain R, then f is uniquely extended to a homeomorphism f: Ry — Rs.

Lemma 2 (cf. Flinn [6, Proof of Theorem 2|). There exists a constant 63 > 0
with the following property. If f is conformal in Dy with ||S¢||p, < 62 and if f(D5)
is a Jordan domain, then f(B) is not a quasiarc.

Remark. In Thorems A’ and B, we can replace the domain A by a half plane
{z+iy:y>-—-1}.

§3. Construction of group invariant domains. Let I" be an arbitrary Fuchsian
group of the second kind acting on the unit disk A. In this section we construct I'-
invariant simply connected domains which have the same property as the Gehring’s
or Flinn’s domain. Since I" is of the second kind, £2(I") N 0A # ¢ where 2(I) is
the region of discontinuity of I' in C. Now we pick a sufficiently small disk Y in
(2(I') whose boundary is orthogonal to OA so that no two distinct points of Y are
I'-equivalent. Let o be a Mébius transformation such that o(Y) = A and that
o(YT)=At" where YT =Y NA and At ={z € A :Imz > 0}. Fix ro,r; € (0,1)
such that r; < rg. Let A, ={z € A:|z| <r}, At =A, NAT and Y} = o7} (A})
for r € (0,1).

Let M(A) be the space of Beltrami coefficients supported in A : {g € L>=(A) :
|pt)lco < 1}. For p € M(A), w" will denote the normalized p-conformal self-mapping
of A which fixes three points 1,7, —1 € 0A. We set

My+ (A, ={p € L¥(A): p=0o0n Y," and ||u|~ < k},

for k € (0,1]. Notice that w" is conformal in Y, for u € My + (A)y.

Lemma 3. Let § = min{éy,8,} where é; and b5 are as in Lemmas 1 and 2,
respectively, then there exists a constant k € (0,1] such that for any p € My+(A)g
k)

the following s valid:

6
[Suwellys < 5
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Proof. We can extend w" to a qc homeomorphism of C by the rule

wh(z) = 1/wH(1/2).

It is well known that w*(z) converges to z uniformly on each compact set in C
as ||p]|s — 0 (see [1], for example). Since w* is conformal in Y,, = ¢7*(A,,) for
IS MY+ (A); and Yr"l' is relatively compact in Y, ,, S,» converges to 0 uniformly

709

on Y, as ||p]|oc — 0, in particular ||S» “Yﬁi converges to 0 as |||« — 0. O

For each e € (0,7,) we choose a 7 = 7. €Méb such that 7(R) = {z —i: z €
R} U{o} and 7(AT) D A.
Construction 1 (Gehring type)
We set A} = Aj(e) = A\ U (too) H(va))-
yell
Construction 2 (Flinn type).
We set Ay, = Aj(e A\U (100)
yell
We note that (700)7(y,) C YT, that (ro0)~*(U,_, V"(E,,)) C YT and that
(7(YT))qer is a disjoint family. Therefore A’ is a [I-invariant simply connected
domain contained in A for j = 1,2; furthermore A} is a Jordan domain. If we let
F,: A — A’ be a Riemann mapping function and set G; = F,- 1FF, which is a
subgroup of Mob acting discontinuously on A i.e.; a Fuchs1a11 gloup acting on A,
then Sp, € S(Gy1) and Sg, € J(Gs).

Now we state a lemma which guarantees that G; is qc equivalent to I'.

V™ (Em)))-

7nl

Lemma 4. Let k € (0,1] be as in Lemma 3. For sufficiently small ¢ € (0,71),
there exists a gc mapping h; of A, = Al(e) onto A with the following properties
for 3 =1,2.

(1) |le(hj)]|co < k where p(h;) is the Beltrami coefficient of hj,

(2) hj is conformal in A% N Y,

(3) hjoy=roh; forallyelI.

Because the qc mapping f; = h; o F; : A — A deforms G into I', we have the
following

Corollary. G, s qc equivalent to I
Lemma 4 is obtained in an obvious way by the following
Lemma 5. For sufficiently small ¢ € (0,7), there exists a qc mapping H; :
o(Y;) — AT with the following properties for j = 1,2.
(1) |e(H;j)||s < k where u(H;) is the Beltrami coefficient of H;,
(2) Hj is conformal in o(Y]) N AL,
(3) H; = identity on dAT \ [-1,1],
where Y] =Y/(e) =Y N Al(e).
Proof of Lemma 5. Let H.y : a(Y;(g)) N Af — A be the conformal mapping
which fixes three points rg, 797, —7ro. Noting that A;!’O \A C U(Yj'(e)), we find that
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H(€)|A;" \aF can be extended to a conformal mapping f]{;) in {z:e<|z| <ro?/e}
by the reflection principle. Let ©. : (0,7) — (0, 7) be the mapping defined by the
rule 74e?®(?) = ﬁ{;(roeie) for all @ € (0,7), then O, is a smooth mapping such
that

0.(0) = |H{,(roe”)|.

Now we set
H.(re’) = relt0+A=00:(0)  for ¢ € [ry,1],0 € (0, 7),

where r =t 4- (1 —t)ro, then this extended H(.) has the properties (2) and (3). On
the other hand, clearly I-/f(?)(z) converges to z uniformly on each compact set in
C* =C\ {0} as ¢ — 0, hence ©.(f),0.(0) uniformly converges to 6,1 as ¢ — 0,
respectively. Therefore the explicit expression

' | (r—ro)(O@L(0)—1)—(O(8)—6)ri |
(H)(re®)| = { | T =)@ o007
0, r e (O, To)

shows that ||[u(H.))||l« — 0 as € — 0, so for sufficiently small ¢ € (0,r1), H; =
Hy:o(Y]) — AT has the properties (1), (2) and (3). O

Henceforth we fix an € € (0,71) for which Lemma 4 holds.

§4. Deformations by partially conformal qc mappings. In this section we
present a method to construct the family of group-invariant domains which includes
desired one.

Let M(A,I') be the space of Beltrami coefficients for I" with support in A i.e.,
the subset of L°°(A) consisting of all p € L>(A) with [|p]| < 1 and

(nov)-7'/y =p foral €T

Set D = wh(A)) for p € M(A,I'). If I'* denotes the Fuchsian group w*I'(w*)™"
acting on A, then Dl; is a I'*invariant simply connected domain whose boundary
is homeomophic to the A;»’s. We take a Riemann mapping function Fj” A — D;‘
and set G% = (F/)7'I"F! and ¢} = Spy. Since I'" acts discontinuously on
D;‘ , G;‘ acts also discontinuously on A, hence G’g-‘ is a Fuchsian group. And clearly
o € S(GY) and ¢4 € J(GY). Because the logarithmic spiral v, is a quasiarc, the
general qc mapping w"” may unfasten the spirals removed, thus we must restrict
Beltrami coefficients u to be considered on a certain class of M (A, I'). In this article
we only consider

M

v (A, T, = MY.,?; (A)y N M(A,T)

={pe MAT):p=00nY," and |u|~ < k}.

Since w* is conformal in Y,,‘g for p € My+ (A, '), it is expected that the spirals
7o

are but slightly deformed by w*. In fact, we have the following result for this class
which is proved in the rest of this paper.



Theorem 2. Let k be as in Lemma 3. For p € My+ (A, I');, we have
ot € S(GY)\ J,

oy € J(GH)\T
Theorem 2 and Lemma 4 prove Theorem 1.

Proof of Theorem 1. Let h; be as in Lemma 4. We set

{u(hn, on A,
Hi = 0, on A\ A%,

where p(h;) is the Beltrami coefficient of h; and set D; = w"i(A%). Notice that

JIZS MY+ (A, I'),. Since hj and w“J|A/ have the same Beltrami coefficient, w"/ o

hj_ A — D' is a Riemann mapping function of D' Therefore we can take w"ioh; !
as FJ’”. By deﬁnltlon, G;“ = hj o (whi)"LHiwki o h; 1= = h;jI'h; L= By Vlrture
of Theorem 2, p!* € S(I')\ J,p5* € J(I')\ T, hence Theorem 1 is proved. O

Remark. The family (¢’ )/4€M + (A,T),, 1s ample in a certain sense. We now explain

this in the following. We recall that F;: A — A' is a Riemann mapping function
of A' and G; = F 1FF is a Fuchsian group acting on A. In this paragraph
we assume that I' is non-elementary and choose F; so that 1,7,—1 € A(G,) =
C\ 2(G;). Let F;* : M(A,I') — M(A, Gj) be the pullback of Beltrami coefficients
by F;, namely F;"(u) is the Beltrami coefficient of the qc mapping w* o F; for
i € M(A,T). Since wi™ (") and w* o F; have the same Beltrami coefficient, we can
choose w# o Fj o (wFi*(/“‘))_l A — D;L as the Riemann mapping function F]” , then
we have G;" = wEf*(“)Gj(wEf*(“'))_l

Generally, for v € M(A,G;) the group isomorphism g — w”g(w”)~! (g € G;)
determines an element of the reduced Teichmiiller space T#(G;) of G; (see, for
example, Earle [4], [5], Nag [10]). Let this point in T%(G;) be denoted by &% (v).
It turns out that &% (Mg (A, G;)x) is a neighborhood of ##(0) in T#(G,) for any
k € (0,1] and any measurable set K C A such that p(K) is relatively compact in
the double 2(G;)/G; where p : 2(G;) — 2(G;)/G; is the canonical projection.

(For example, combine [11, Corollay 2] with [4]. This fact was pointed out to the
author by H.Ohtake.)

On the other hand Fj*(MY.,fg (A T)) = Mijl(Y'%)(A, G)r and p(Fj_l(Y,,O)) is
relatively compact in £2(G;)/G;, hence @#(Fj*(MYQ; (A, I'))) is a neighborhood
of ##(0). In other words, qc deformations G; — G% (g — wti™ (1) g(Fi” (1)) =1
for p € M +(A I');. cover a neighborhood of the 1dent1ty mapping G; — G in
T#(G,).

The above proof of Theorem 1 shows virtually that there exists an isomorphism

G; — I which belongs to (ZS#(FJ»*(MY; (A, ).



§5. Proof of Theorem 2.

Proof of the first part. ¢t ¢ J.
By the same argument in [6] or [8], it is sufficient to prove the following

Claim 1. There exists a constant 6 > 0 with the following property. If f is con-
formal in DY with HSfHD’l" < 6, then f(DI') is not a Jordan domain.

Proof of Claim 1. We set § = 6,/2 where 6; is as in Lemma 1. Suppose that
f is conformal in Di" with || S¢llps < 6. Set g = fowt o(7To0 o) p,, B =
wh o (1 00) Hay) for j =1,2 and wy = w* o (7 0 6)71(0). Since

15g/1D, = 1Ssownll(rom)-2(py) < [Ssllpr + 15wl < b1

Lemma 1 implies that

li = i .
[319%UH—1>‘LU0 f(w) ﬁzBiUniwo f(w)

Thus f(Dy) is not a Jordan domain. O

Proof of the second part. o ¢ T.
Similary it is sufficient to prove the following

Claim 2. There exists a constant § > 0 with the following property. If f is con-
formal in DY with ||S¢||pr < 6, then f(DY) is not a quasidisk.

Proof of Claim 2. We set § = 62/2 where 8, is as in Lemma 2. Suppose that f is
conformal in D} with [S¢llpe < 6. Further suppose that (DY) is a Jordan domain.

We shall show that df(DY) is not a quasicircle. Set g = fow" o(To0)™!|p,. Since
[Sgllp. < Sfllpe + [Swelly+ < 62 and g(Dz) is a Jordan domain, Lemma 2

produces that §(3) is not a quasiarc. Hence 9f(D)) is not a quasicircle because
9(B) c of(Dy). O
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